Random, uncorrelated displacements of particles on a lattice preserve the hyperuniformity of the original lattice, that is, normalized density fluctuations vanish in the limit of infinite wavelengths. In addition to a diffuse contribution, the scattering intensity from the the resulting point pattern typically inherits the Bragg peaks (long-range order) of the original lattice. Here we demonstrate how these Bragg peaks can be hidden in the effective diffraction pattern of independent and identically distributed perturbations. All Bragg peaks vanish if and only if the sum of all probability densities of the positions of the shifted lattice points is a constant at all positions. The underlying longrange order is then 'cloaked' in the sense that it cannot be reconstructed from the pair-correlation function alone. On the one hand, density fluctuations increase monotonically with the strength of perturbations a, as measured by the hyperuniformity order metric Λ. On the other hand, the disappearance and reemergence of long-range order, depending on whether the system is cloaked or not as the perturbation strength increases, is manifestly captured by the τ order metric. Therefore, while the perturbation strength a may seem to be a natural choice for an order metric of perturbed lattices, the τ order metric is a superior choice. It is noteworthy that cloaked perturbed lattices allow one to easily simulate very large samples (with at least 10 6 particles) of disordered hyperuniform point patterns without Bragg peaks.
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I. INTRODUCTION
A common way to introduce disorder into an otherwise ordered system such as a perfect crystal or quasicrystal is to randomly perturb the particle positions of that system [1] [2] [3] [4] . A perturbed lattice is a point pattern (process) in d-dimensional Euclidean space R d obtained by displacing each point in a Bravais lattice [5] according to some stochastic rule [1, [6] [7] [8] . Perturbed lattices have been intensively studied in a broad range of contexts, from statistical physics and cosmology [9, 10] , models of distorted lattices [1, 2] , to probability theory, including distribution of zeros of random entire functions [11] and number rigidity [12] [13] [14] . They are related to queueing problems [15] , in particular, G processes [16] , and to stable matchings in any dimension [14] . Perturbed lattices are moreover used to generate disordered initial configurations for numerical simulations [17] or configurations of sampling points [18] .
The simplest stochastic rule involves independent and identically distributed (i.i.d.) perturbations. This model is also known as a shuffled lattice [9, 19] . The choice of the distribution of perturbations then specifies the model. A typical stochastic rule is the Gaussian distribution [12] , in which case the model is also called an Einstein pattern [20] . Alternatively, the distributions can have heavy tails like the Cauchy or the Pareto distributions [8] .
Another stochastic rule of special interest in the * Email: mklatt@princeton.edu † Email: jaeukk@princeton.edu ‡ Email: torquato@princeton.edu present study is where each point in a Bravais lattice L [21] is displaced by a random vector that is uniformly distributed on a rescaled unit cell aC := {x ∈ R d : x/a ∈ C}, where a > 0 is a scalar factor and C is a unit cell of the lattice. We henceforth refer to this case as the uniformly randomized lattice (URL) model. We will use it as the main example for our more general results on the 'cloaking' of Bragg peaks. The constant a controls the strength of perturbations. Counterintuitively, the longrange order suddenly disappears at certain discrete values of a and reemerges for stronger perturbations, as we will show.
For simplicity, we here use the simple cubic lattice L = Z d with aC := [−a/2, a/2) d , see Fig. 1 . It is a popular model studied in the optics community, among others, where it is used to understand how the introduction of disorder in lattices influences the resultant optical properties of the materials [3, 4, [22] [23] [24] [25] [26] [27] [28] [29] [30] . Perturbed lattices are special cases of hyperuniform systems. A hyperuniform point pattern is one in which the structure factor S(k) := 1 + ρh(k) tends to zero as the wavenumber k := k tends to zero [19, 31] :
whereh(k) is the Fourier transform of the total correlation function h(r) = g 2 (r) − 1 and g 2 (r) is the standard pair-correlation function. This implies that infinite-wavelength density fluctuations are anomalously suppressed.
An equivalent definition of hyperuniformity is based on the local number variance σ 2 (R), which is associated with the number N (R) of points within a spherical observation window B R of radius R. A point pattern in R d is hyperuniform if its local number variance σ 2 (R) := Var[N (R)] grows in the large-R limit slower than R d . This is in contrast to typical disordered systems, such as Poisson point patterns and liquids where the number variance scales like the volume v 1 (R) of the observation window, for example, see Ref. [31] .
If the structure factor vanishes at the origin continuously, then its asymptotic behavior
with α > 0 determines the large-R asymptotic scaling of the number variance [19] for R → ∞:
These scalings of σ 2 (R) define three classes of hyperuniformity [31] , with class I and III describing the strongest and weakest forms of hyperuniformity, respectively. Perturbed lattices with i.i.d. displacements are always hyperuniform, but the hyperuniformity class depends on whether the first and second moments of the perturbations exist [6, 8] . If both exist, then the perturbed lattice is class I hyperuniform with σ 2 (R) ∼ R d−1 , that is, the number variance grows like the surface area of the observation window. Further examples of class I hyperuniform systems are all crystals [19] , many quasicrystals [32] , certain random organization models [33] , certain non-equilibrium dynamic states with active particles [34] , some stable matchings [14] , one-component plasmas [35, 36] , the Ginibre process related to random matrices [36] [37] [38] , and hyperuniform disordered ground states [39, 40] . The latter have been found particularly useful for optical applications, including photonic band gap materials [41] , light extraction [42, 43] , and transparent amorphous materials [44] . Examples of class II hyperuniform systems include some quasicrystals [32] , ground state of superfluid helium [45] , ground states of free spinpolarized fermions [46] , maximally random jammed particle packings [47, 48] , and perfect glasses [40] . Examples of class III hyperuniform systems include classical disordered ground states [49] , random organization models [50] and perfect glasses [40] .
In hyperuniform systems, the suppression of large-scale density fluctuations can be quantitatively characterized by the hyperuniformity order metric [19, 31] . For class I systems, it is defined as
where D is a characteristic length scale in the system, e.g., the lattice constant.
A different measure of order in general statistically homogeneous point patterns is the τ order metric [39] . It measures deviations of two-point statistics (i.e., structure factor and pair-correlation function) from that of the ideal gas (Poisson point process):
By definition, τ = 0 for the homogeneous Poisson point process with g 2 (r) = S(k) = 1. By contrast, τ = ∞ if there is a Bragg peak contribution to S(k) (because of the squared difference).
In what follows, we will compute both Λ and τ to thoroughly characterize the degree of order and disorder in hyperuniform perturbed lattices. Currently, perturbed lattices with weak or no correlations are among the rare examples of amorphous hyperuniform point patterns that can be easily simulated with a million particles per sample [8, 14, 51, 52] . However, in general, the resulting point patterns are not fully amorphous in the sense that their structure factor exhibits Bragg peaks, which are 'inherited' from the original lattice.
We demonstrate how a fine-tuned distribution of perturbations can hide or 'cloak' all or a portion of these Bragg peaks. The cloaking of Bragg peaks obscures the underlying long-range order in the sense that it cannot be reconstructed from two-point statistics alone [53] . This phenomenon has been largely unnoticed in the community [54] .
Here, we provide an explicit real-space condition, present and discuss examples, and comprehensively structurally characterize the URL models using two different order metrics. First, we provide an intuitive necessary and sufficient criterion in Sec. II and discuss examples in Sec. III. We also prove that perturbed lattices with i.i.d. displacements cannot be stealthy, which would require that S(k) = 0 for all k in a neighborhood around the origin. In Sec. IV, we show that while the density fluctuations measured by Λ increase for stronger perturbations, the degree of order measured by τ reveals a dramatic difference between the cloaked cases (no long-range order) and uncloaked cases (long-range order). While for the former τ is finite, it diverges for the latter. In that case, the rate by which τ increases with the system size still characterizes the degree of order in the system [55] . An outlook on related and open problems is given in the concluding Sec. V.
II. NECESSARY AND SUFFICIENT CONDITION FOR CLOAKING
We here consider uncorrelated displacements u x that follow the same probability density function f (u x ) for each point x in a lattice L, see Fig. 1 . The structure factor S(k) is then given by [6] :
where S L (k) is the structure factor of the unperturbed lattice L andf is the characteristic function of the perturbations, that is, the Fourier transform of f . For convenience, the formula, which holds for more general point patterns, is rederived in Appendix A.
Since the characteristic function is uniformly continuous at the origin, and sincef (0) = 1, the perturbed point pattern is hyperuniform if and only if the original point pattern is hyperuniform. Hyperuniformity is preserved even if the moments of the perturbations do not exist, but in that case the class of hyperuniformity changes (that is, the asymptotic behavior of the structure factor at the origin) [8, 31] .
If the second moment of the random displacement diverges, but the first moment remains finite (like for a Cauchy distribution), the perturbed lattice changes from a class I hyperuniform system to a class II hyperuniform system [6, 8] . If also the first moment diverges (like for a Pareto distribution), the perturbed lattice becomes a class III hyperuniform system [6, 8] .
In class I, the strongest possible hyperuniform scaling of uncorrelated perturbed lattices is k 2 [6, 8] . Stealthy hyperuniformity can never be preserved by independent random perturbations, as we prove in Appendix B.
Equation (6) shows that a perturbed lattice generally will exhibit the same Bragg peaks as the original lattice. We can, however, choose the distribution of perturbations such that the characteristic functionf vanishes at these positions [6] . Intuitively speaking, the effective diffraction pattern of the perturbations cloaks the Bragg peaks.
The pair-correlation function offers an equivalent, intuitive criterion for the vanishing of all Bragg peaks. To obtain a statistically homogeneous point pattern, called stationarized lattice, we simultaneously shift all lattice points by a random vector that is uniformly distributed within a primitive unit cell of the lattice. The paircorrelation function of the perturbed lattice is then given by:
where ρ is the number density and * denotes the convolution operator. The proof is given in Appendix C.
All Bragg peaks vanish if and only if the series in Eq. (7) is constant, that is, independent of position r:
which means that summing the probability density functions for all shifted lattices points add up to a constant function. By normalization, the constant has to be the number density. If this condition (8) is met, the resulting cloaked perturbed lattices have the following structure factor and pair correlation function, respectively:
III. EXAMPLES OF CLOAKED AND UNCLOAKED PERTURBED LATTICES
A straightforward example how a lattice can be cloaked by perturbations is the uniform distribution of each lattice point within its unit cell. Our simulation study, shown in Fig. 2 , demonstrates the appearance and cloaking of Bragg peaks for URL models in 2D, see Fig. 1 .
We simulate three samples for different values a, each containing 10, 000 points subject to periodic boundary conditions. Figure 2 shows portions of these point patterns in the upper panels and 2D plots of their structure factor [56] in the lower panels. If the perturbation strength a is an integer multiple of the lattice constant D, Eq. (8) is fulfilled and the Bragg peaks are cloaked. Figure 3 shows the pair-correlation functions for the same parameters, but in 1D for better visualization. Only in the cloaked models with a ∈ N \ {0}, g 2 (x) is not periodic for x > a. For the 1D model with a = 1, g 2 (x) was previously derived by Torquato and Stillinger [19] .
We see that increasing the strength of the perturbations does generally not lead to a monotonic decay of the weights of Bragg peaks. Instead, these weights oscillate as shown in Fig. 4 . So, interestingly, Bragg peaks can vanish for specific distributions of the random shifts, but they reappear as the perturbations become stronger. Fine-tuned perturbations at which the system appears to be without long-range order according to the two-point functions allow for the simulation of million-particle samples of hyperuniform systems without Bragg peaks. For these cloaked URLs, Fig. 5 shows for 1D, 2D, and 3D, the angular average of the structure factor S(k) as a function of the wavenumber k and of the pair-correlation function g 2 (r) as a function of the radial distance.
One could ask to what extent are the higher-order functions cloaked with the respect to the underlying lattice? Interestingly, for a cloaked URL with a = 1, we can actually express all of the n-point correlation functions explicitly by certain intersection volumes. Toward
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Uncloaked Cloaked Uncloaked this end, we define C ij := (C + x i ) ∩ (C + x j ) and C * ij := C ∩ x∈L (C ij + x), where C + x denotes the translation of C by x. Then, in case of a statistically homogeneous model (using a stationarized lattice), the multipoint correlation function is given by
where here |.| denotes the volume of a set and C is a unit cell of the lattice L. For a proof, see Appendix D. There, we also show plots of the three-point and four-point correlation functions for the 1D case. While g 3 does not exhibit explicit features of the underlying long-range range order, there are specific paths in the parameter space of g 4 that reveal the periodicity of the original lattice.
A less obvious example of cloaked Bragg peaks is derived from i.i.d. perturbations with a probability density function f (x) = (2 sin 2 (x/2))/(πx 2 ). Due to its heavy tail, its characteristic function has bounded support:f (k) = (1 − |k|)1 [0,1] (|k|), where 1 A (x) is the indicator function. The resulting structure factor is not analytic at the origin: S(k) ∼ k for k → 0. The model is class II hyperuniform [31] , and thus its hyperuniformity order metric Λ is undefined.
IV. DENSITY FLUCTUATIONS AND ORDER METRICS
Next, we focus on class I hyperuniform perturbed lattices, that is, for perturbations with finite first and second moments. In particular, we study the URL with L = Z d . To quantify density fluctuations and the degree of order in the system we compute both the hyperuniformity order metric Λ and the τ order metric.
A. Hyperuniformity order metric Λ
The local number variance σ 2 (R) can be expressed in terms of a weighted integral over the structure factor [19] : 
, we obtain:
where L * is the reciprocal lattice of L. The first term originates from the continuous contribution to S(k) in Eq. (6), and the second term from the Bragg peak contribution. Both terms are non-negative. If f (r) is a uniform distribution on a compact domain K and if the domains of different lattice points do not overlap, the second term equals the hyperuniformity order metric of a crystal, where each site in L is decorated with K.
For the URL, Λ is a function of the perturbation strength a. In 1D for L = Z, we obtain the explicit expression
where frac(a) denotes the fractional part of a. For a = 1, Λ = 1/3 was first derived by Torquato and Stillinger [19] . While the second term in Eq. (12) , that is, the Bragg contribution, vanishes for large values of a, the first term grows linearly with a. This behavior holds in any dimension in the sense that
where C is a constant independent of a [57] and O(a −2d ) represents a vanishing bound on the Bragg contribution in Eq. (11) [58]. Figure 6 shows explicit values for 2D obtained from Eq. (11) by numerical integration and by truncating the series at |q| < 2π × 5000. Table I lists some of the values from Fig. 6 .
The hyperuniformity order metric Λ is a monotonically increasing function of the perturbation strength a. Stronger perturbations imply strong density fluctuations.
B. The τ order metrics
There is, however, a dramatic difference in the degree of order as quantified by the τ order metric [39] , see Eq. (5) and Table I . At the two-point level, the τ order metric captures a structural transition between cloaked and uncloaked URLs.
The concept of τ can be used to distinguish the degree of order in perturbed lattices even in the presence of Bragg peaks. To that end, τ (L) has been defined as a function of system size [55, 59] : and consider its growth rate in the large-L limit. A linear growth in the order metric was first identified in the integer lattice, prime numbers and limit-periodic systems [55] . Figure 7 shows τ (L) for a 2D URL. For all non-integer values of a, τ (L) detects the long-range order and diverges for L → ∞. The step-like periodic variations in the increase of the τ order metric result from the periodicity of the pair-correlation function. While for small values of L, the degree of order seems to decrease monotonically with increasing perturbation strength a, the curves of τ (L) cross at intermediate values of L. This non-trivial degree of long-order as a function of a can be quantified by the growth rate of τ (L). This growth rate vanishes for a → ∞, but it does not decrease monotonically. Instead, it oscillates as a function of a, vanishes for integer values of a and reemerges in between. In that sense, a does unexpectedly not directly quantify the degree of order in a URL.
If a ∈ N (excluding zero), the Bragg peaks are cloaked, in which case the order metric converges to a constant:
This constant decreases monotonically with increasing integer values of a.
V. CONCLUSIONS AND OUTLOOK
Often times for general perturbed lattices, pairstatistics are sufficient to detect the underlying longrange order via Bragg peaks. However, the latter are hidden by i.i.d. perturbations if and only if the characteristic function of the perturbations vanishes at the wave vectors of all reciprocal lattice points.
An equivalent real-space condition is that the probability density functions of the positions of all perturbed lattice points add up to a constant, see Eq. (8) . This condition can be easily met for any Bravais lattice by uniformly distributing the lattice points inside their unit cells, that is, for any URL model with a = 1. In fact, this holds for any integer value of a > 0. Specifically for the URL, the perturbation strength a at first glance may seem to be a natural metric of order in the system. Counterintuitively, we have shown in the present work that although the degree of long-range is damped for large perturbations, it oscillates as a function of a. Long-range correlations in two-point statistics can vanish at specific values of a and reemerge for stronger perturbations; see Fig. 2 . Our investigation has revealed that the τ order metric is a superior descriptor to quantify both short-and long-range order in the system.
Interestingly, the 1D perturbed lattice with uniform perturbations in the unit cell can be seen as a "two-point dual" of a Fermi-sphere point process [46] , which means that the functional form of the structure factor of the former coincides with the pair-correlation function of the latter and vice versa (up to a rescaling of the coordi- nates). It easily follows from Ref. [46] that the duality holds in any dimension for our URL with a = 1 and a "Fermi-cube" point process, that is, a determinantal point process whose Fourier transform of the kernel is an indicator function of the unit cube (instead of sphere).
The same duality does not hold for higher-order correlation functions.
The two-point function of the URL with a = 1 is perfectly cloaked, in the sense, that it is impossible to reconstruct the underlying long-range order from the paircorrelation function alone. Higher-point correlation functions, however, can exhibit the periodicity of the original lattice. For cloaked URLs in R d with a = 1, we have derived the n-point correlation functions of arbitrary order. In 1D, we explicitly demonstrate how g 4 reveals the periodicity of the underlying lattice in contrast to g 3 , see Appendix D.
So, an interesting open question for future research is how to construct isotropic amorphous hyperuniform point patterns or packings, for which samples with a million particles can easily be simulated (without any underlying lattice structure). For heterogeneous materials, the large-scale simulations of hyperuniform two-phase media that are fully amorphous have recently been made possible by a tessellation-based procedure [60] , which locally enforces a global packing constraint in each cell.
Given a d-dimensional Bravais lattice L, the points of the perturbed lattice can be represented by x + u x , where x ∈ L. Here, the displacements u x are i.i.d. with a probability density function f (u x ).
For a finite ball B r with radius r (centered at the origin), we denote by N r the number of points of L that fall into B r . Then, conditional on N r = n, we define the scattering intensity within the finite ball by 
where E [·] denotes an ensemble average. In the following, we use the shorthand notation E n [·] := E [· : N r = n].
In the thermodynamic limit, the structure factor S(k) is then given by [61] S(k) := lim r→∞ E [S n,r (k)] .
(A2)
Using the mutual independence of the displacements, Eq. (A1) can be simplified to 
Note thatf (−k) is the complex conjugate off (k).
In the thermodynamic limit, the scattering intensity converges to Eq. (6):
where S L (k) is the structure factor of the lattice L. In fact, the derivation is valid for more general point patterns.
Appendix B: Proof of the non-stealthy hyperuniformity of perturbed lattices
Stealthy hyperuniform point patterns are ones satisfying that S(k) = 0 if |k| < K for some positive value of K [39] . We note that a perturbed lattice is stealthy hyperuniform if and only if the displacements are deterministic, that is, f (u x ) = δ(u x − c) for some c ∈ R d . This implies that perturbed lattices cannot be stealthy hyperuniform for any truly random perturbation.
From Eq. (6), the sufficient and necessary condition for a perturbed lattice to be stealthy hyperuniform is f (k) = 1 for all |k| < K for some positive value of K.
Straightforwardly, any deterministic displacement meets this condition. We now show that only such deterministic shifts with vanishing variance fulfill this condition. Let U and V be two i.i.d. random variables with a characteristic function ϕ(k) such that |ϕ(k)| 2 = 1 in a neighborhood around the origin. We define the random variable D = U − V . Its characteristic function is given by ϕ D (k) := ϕ(k)ϕ * (k) = |ϕ(k)| 2 . So it is by construction infinitely differentiable at the origin. Therefore, all moments of D exist, from which follows in turn that ϕ D (k) is an analytic function. To obtain a stationary point pattern with a paircorrelation function that does only depend on the relative position of two particles, we now consider a stationarized lattice. We shift the entire lattice L by a random vector that is uniformly distributed within a primitive unit cell. Then, we perturb each point independently following the probability density function f . Note that this stationarized model has the same structure factor given by Eq. (6) .
For a point pattern in the thermodynamic limit, its structure factor is directly related to its pair correlation function:
whereh(k) is the Fourier transform of the total correlation function h(r) := g 2 (r) − 1, and ρ is the number density.
So, the pair-correlation function of perturbed lattices is given by
where F −1 [·](r) denotes the inverse Fourier transform. Note that the structure factor of a Bravais lattice L is
where L * represents the reciprocal lattice of L. Using Eq. (C2) and the convolution theorem, one can rewrite Eq. (C1) as
Evaluating the Fourier series with the Poisson summation formula, we obtain the pair-correlation function of the perturbed lattice as
is the pair-correlation function of the stationarized lattice. Inserting Eq. (C4) into Eq. (C3), we obtain Eq. (7), which can also be written as:
For the URL in d-dimensional Euclidean space, the probability density functions of different coordinates are independent of each other. So, the convolution in Eq. (C5) factorizes:
where r = (x 1 , x 2 , . . . ).
In the case of cloaking, i.e., a ∈ N \ {0}, the total correlation function h(r) also factorizes:
Appendix D: Derivation of the n-point correlation functions of cloaked URLs
For URLs with a = 1, we derive here the n-point correlation functions in arbitrary dimension d. First, we state the n-point correlation function g n (x 1 , . . . x n ) for a statistically inhomogeneous model that uses a fixed lattice L. Since each lattice point y i ∈ L is uniformly distributed within its unit cell C + y i , g n is 0 if a pair of distinct points x i and x j in the same unit cell, or 1 otherwise. For a statistically homogeneous URL [62] , the n-point correlation function is given by
where S(x i , x j ) denotes the set of all points u ∈ C, for which x i − u and x j − u are in the same unit cell, and thus the last term represents the probability for finding at least one pair of points inside the same unit cell. Without loss of generality, we assume that C = −C. To prove Eq. (9), it remains to be shown that S(x i , x j ) = C * ij . Assume that u ∈ S(x i , x j ). Then there exists l ∈ L so that x i − u ∈ C + l and x j − u ∈ C + l. Therefore (−u) ∈ (C −x i )∩(C −x j )+l. Using C = −C, (−l) ∈ L, and S(x i , x j ) ⊂ C, it follows that u ∈ C * ij , and thus S(x i , x j ) ⊂ C * ij . Assume that u ∈ C * ij . Then there exists l ∈ L so that u ∈ (C + x i ) ∩ (C + x j ) + l and therefore x i − u ∈ C − l and x j − u ∈ C − l. Hence, u ∈ S(x i , x j ), and thus C * ij ⊂ S(x i , x j ).
For the cloaked URL in 1D, Fig. 8 displays the threepoint correlation function. It has no features with the periodicity of the underlying lattice. However, this periodicity can be extracted from the four-point function shown in Fig. 9 . 
